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Abstract

The concept of geometric-arithmetic index was introduced in the chemical graph
theory recently, but it has shown to be useful. One of the main aims of algebraic
graph theory is to determine how, or whether, properties of graphs are reflected in
the algebraic properties of some matrices. The aim of this paper is to study the
geometric-arithmetic index GA; from an algebraic viewpoint. Since this index is
related to the degree of the vertices of the graph, our main tool will be an appropriate
matrix that is a modification of the classical adjacency matrix involving the degrees
of the vertices.

1 Introduction

The study of topological indices is a subject of increasing interest, both in pure and
applied mathematics. Topological indices are interesting since they capture some of the
properties of a molecule (or a graph) in a single number. Hundreds of topological indices
have been introduced and studied, starting with the seminal work by Wiener [23] in which
he used the sum of all shortest-path distances of a (molecular) graph for modeling physical

properties of alkanes.
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Topological indices based on end-vertex degrees of edges have been used over 40 years.

Probably, the best know such descriptor is the Randi¢ connectivity index, denoted by
R (see [18,19]). There are more than thousand papers and a couple of books dealing
with this index (see, e.g., [11,14,15] and the references therein). Trying to improve

the predictive power of the Randi¢ index, scientists have introduced a large number of

topological indices. The first geometric-arithmetic index GA;, defined in [22] as
dyd,
) -
weE(G) §(du + du)
where uv denotes the edge of the graph G connecting the vertices u and v, and d, is

the degree of the vertex u, is one of the successors of the Randi¢ index. Although G A,

was introduced just five years ago, there are many papers dealing with this index (see,

e.g., [4-7,10,17,20-22,25] and the references cited therein). There are other geometric—
arithmetic indices, like Z,, (Zo1 = GAi1), but the results in [5, p.598] show empirically

that the GA; index gathers the same information on observed molecules as other Z,,

indices.
The reason for introducing a new index is to gain prediction of some property of

molecules somewhat better than obtained by already presented indices. Therefore, a test

study of predictive power of a new index must be done. The GA; index gives better cor-
relation coefficients than Randié¢ index for many physico-chemical properties of octanes,

but the differences between them are not significant. However, the predicting ability of

the GA; index compared with Randié¢ index is reasonably better (see [5, Table 1]). Fur-
thermore, the improvement in prediction with GA; index comparing to Randié¢ index in
the case of standard enthalpy of vaporization is more than 9%. Hence, one can think that
GA; index should be considered in the QSPR/QSAR researches.

Spectral graph theory is a useful subject that studies the relation between graph
properties and the spectrum of some important matrices in graph theory, as the adjacency
matrix, the Laplacian matrix, and the incidence matrix, see e.g. [1,2,9]. Eigenvalues of

graphs appear in a natural way in mathematics, physics, chemistry and computer science.

One of the main aims of algebraic graph theory is to determine how, or whether, properties
of graphs are reflected in the algebraic properties of such matrices [9]. The aim of this
paper is to study the geometric-arithmetic index GA; from an algebraic viewpoint. Since
this index is related to the degree of the vertices of the graph, our main tool will be an

appropriate matrix, denoted by A, that is a modification of the classical adjacency matrix
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involving the degrees of the vertices. Besides, we will use the known sum—connectivity
matrix in order to obtain more algebraic properties of GA; in Section 2.

We begin by stating some notation. Throughout this paper, G = (V, E) = (V(G), E(Q))
denotes a (non-oriented) finite simple (without multiple edges and loops) connected graph
of order n = |V(G)| and size m = |E(G)| with E(G) # 0. We denote two adjacent ver-
tices u and v by u ~ v. For a vertex u € V we denote N(v) = {u € V : u ~ v}. The
degree of a vertex v € V will be denoted by d, = |N(v)|. We denote by § and A the
minimum and maximum degree of the graph, respectively. We use the classical notation
uv for the edge of a graph joining the vertices u and v. Note that the connectivity of
G is not an important restriction, since if G has connected components G4, ..., G,, then

GA(G) = GA1(Gy) + - - - + GA,(G,); furthermore, every molecular graph is connected.

2 The Sum—Connectivity Matrix and GA,

We will need the following classical result, which provides a converse of Cauchy—Schwarz

inequality (see [13, p.62]).

Lemma 2.1. If0 <ny; <a; < Ny and 0 <ny <b; < N, for1 < j <k, then
k

k k
() (L) " <5 (Vo + 5tk ) (o)

j=1 j=1

We also need the following result (see [20]).
Lemma 2.2. Let g be the function g(z,y) = W ith 0 < a < z,y <b. Then

z+y
2V ab
< Jy) < 1.
wip Sy <

The equality in the lower bound is attained if and only if either x =a andy =b, orx =b

and y = a, and the equality in the upper bound is attained if and only if x = y.

The Sum-Connectivity Matrix S = S(G) of the graph G is defined as the matrix with

entries (see [29]):

s {dgd if wo € E(G),

otherwise.

We will denote by ¢r(A) the trace of the matrix A.
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Theorem 2.3. We have for any graph G

§tr(8?) < GAL(G) < Atr(8?),
and the equality in each inequality holds if and only if G is regular.
Proof. Since the i-th entry 3;; in the diagonal of S? is

1
Bi= Y. i

1<j<n
vv; €EE(G)

we deduce

n n 1 2
tT(‘S?):;ﬂii:Z > Qo+ dy, > dy+dy

i=1 1<j<n weE(G)
vv; €EE(G)
Then we have
d,d 2
GAL(G) = Z T > =0tr(S?),
weE(G) §(du + d'b) weE(G) du + dv
2

4d, ,
GAG) = Y T i S8 > T = A,

If GA1(G) = §tr(S?) (respectively, GA(G) = Atr(S?)), then v/d,d, = § for every uv €
E(G) and we conclude d,, = d (respectively, d, = A) for every u € V(G). Reciprocally, if
G is regular, then the lower and upper bound are the same, and they are equal to GA;(G).

We deal now with an additional topological descriptor, called harmonic index, defined

as
2
H = .
(G) du + dv

weB(G)

This index has attracted a great interest in the lasts years (see, e.g., [8,24,27,28]).
Notice that

= Y duidU:H(G)'

weE(G)

Thus, we have the following corollary (see [20]).
Corollary 2.4. We have for any graph G
JH(G) < GA(G) < AH(G)

and the equality in each inequality holds if and only if G is regular.
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We will denote by M;(G) and My(G) the first and the second Zagreb indices of the
graph G, respectively, defined in [12] as
M(G) = Y & My(G)= > did,
ueV(G) weE(G)

These indices have attracted growing interest, see e.g., [3,4,12,16] (in particular, they
are included in a number of programs used for the routine computation of topological
indices).

Theorem 2.5. We have for any graph G

26\/ AZ\IQ tT 82 A{Z(G) tT(S2)
< - s ~ 7
A+ 62 GA(G) < V 0 '

and the equality in each inequality holds if and only if G is regular.

Proof. Cauchy-Schwarz inequality gives

A= Y 2:/173 (Y aa)"( X ﬁ)/

weF(G) d, weE(G) weE(G)
12/l 2 N2 [M(G)r(S?)
<0RE)"(5 ¥ =r) = 5
weB(G) " v

If the equality holds, then %(du +d,) = § for every uv € E(G) and we conclude d,, =
for every u € V(G).

Since

SEVIA <A, S <t

Lemma 2.1 gives

. 1/2
wdd, ( wer(G) dud ) ( WweE(G) m)
GANG) = 4yt dy, = 1
weFR(G) “ v 5( >
1/2 1/2
> 240 (AI2(G)) (A weE(G) d, +d,,> AA[Q(G) tI(SQ)
- A2 + 52 A2 + 52 .

If the equality holds, then i(d, + d,) = A for every uv € E(G) and we conclude d,, = A

for every u € V(G).

Reciprocally, if G is regular, then both bounds have the same value, and they are

equal to GA,(G). |
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Corollary 2.6. We have for any graph G

2yEICTAG) _ (< [YeGIHG)

A2+ 62 J '
and the equality in each inequality holds if and only if G is reqular.

3 The Geometric—Arithmetic Matrix and GA;

Given a graph G, let us define the geometric-arithmetic Matrix A with entries

2v/dudy :
Qyy = {du%, if uv € E(G),

0, otherwise.

We start with the following elementary result which allows to obtain new bounds for

GAL(G).

Lemma 3.1. We have for any graph

tr(A) =0,
) — 2 Z 4d d
wweF( G)

4d,d, 2d
-2y e
weE(G) u U weV(G) (du + dw)(dv + dw)

WU, WV

Proof. Since every element in the main diagonal of A is 0, we obtain ¢r(A) = 0.

Since the i-th entry a;; in the diagonal of A2 is

4d,.d,.
W= D G
52, (do+dy)
viv; €E(G)
we have
- 4d,.d,, 4d,d,
Y=y Y Gaa v X Grdp
i=1 i=1 1<j<n ”7 + d ) weE(G) (d + dv)
viv; EE(C)
One can check in a similar way the last equality. |
Proposition 3.2. We have for any graph G
52tr(A* A%r(A?
# < ZWZ(G) < #

Furthermore, the equality in each inequality is attained if and only if G is a reqular graph.
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Proof We deduce the inequalities
4d,d, 1
]\1 dyd, < —_— < = dyd, ]\1 G
A 2( Z Z (dy + dy)? 5 Z 2(G)-
qub(G) weE(G) weE(G)
If G is a regular graph, then both bounds have the same value, and they are equal to

tr(A?%)
2

=m.

If the first inequality is attained, then 1 3(du+d,) = 0 for every uv € E(G) and thus d, = §
for every u € V(G). If the second inequality is attained, then %(d“, +d,) = A for every
wv € E(G) and d,, = A for every u € V(G). |

Recall that a (A, §)-biregular graph is a bipartite graph for which any vertex in one side
of the given bipartition has degree A and any vertex in the other side of the bipartition
has degree 0.

Theorem 3.3. We have for any graph G

(A + 6) tr(A?)
WAS

The equality in the lower bound is attained if and only if G is regqular; the equality in the

() < GAV(@) <

upper bound is attained if and only if G is either regular or (A, )-biregular.
Proof. By Lemma 2.2, taking a = ¢ and b = A, we have

2F 2/d, dy _

<1
A+6 T dy+d,

Thus Lemma 3.1 gives

T(AZ) -9 Z 2\/ dudv 2@ >9 2\/@ 2\/dudv _ 4/ Ad

weB () dy+dydy+d, = A+ weB(E dy+d, A+6

and

) =2 3 2/dyd, 2v/dyd, <oy 2 2\/dd  _264,(0).

dy, +d, d, +d,

weFE(G) weFE(G) u

By Lemma 2.2, the equality in the upper bound is attained if and only if either d, = A
and d, = ¢, or viceversa, for each uv € E(G). Since G is connected, this happens if and
only if G is a regular graph if A = § or a (A, d)-biregular graph otherwise.

The equality in the lower bound holds, by Lemma 2.2, if and only if d,, = d, for every
edge uv € F(G). Since G is a connected graph, this happens if and only if G is regular.

|
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Denote by A the adjacency matrix of a graph. Since the adjacency matrix A and A
are real symmetric matrices, their eigenvalues are real numbers. Denote by Ay > --- > A,
and py > -+ > p, the ordered eigenvalues of A and A, respectively.

Theorem 3.4. For any graph G the inequalities

2
Tt < GAG) < gan

hold. Furthermore, the equality in the lower bound is attained for every complete graph
and the equality in the upper bound is attained for every regular graph.

Proof. Denote by j the vector j = (1,1,...,1) € R". Since A is non-negative and
irreducible (we just consider connected graphs) Perron-Frobenius Theorem gives ji; > |1

for every j and then p; > 0. Hence, using Rayleigh quotient, we obtain

11 = max (Ax,x) _ (A}, ]) _ 2GA(G)
w0 X2 T [l n

Since > i, i = tr(A) = 0, we have py = — Y 1", j1; and Cauchy-Schwarz inequality

gives

p nyi
/ﬁ:(Z/ti) S(Zu?)(n*IL DomE =g Y ol =i =
=2 i=2 i=1 =2
We have by Theorem 3.3

npi ~ 2
—L <N Tl = tr(A?) < 2GA(G).
i=1

n—17" :
Assume now that G is a A-regular graph. Then A is equal to the adjacency matrix.
It is well known that the greatest eigenvalue \; of the adjacency matrix of a A-regular
graph is equal to A. Hence, 1 = A and GA1(G) =m =1 An = \n =1 un.
Assume now that G is a complete graph K, thus G is a (n — 1)-regular graph and
A1 = pp =n — 1. Hence,

2n n(n—1
2(:1,171) - 2 )= = GAG)

The argument in the proof of Theorem 3.4 gives, in fact, the following result.

Corollary 3.5. We have for any graph G

(n— 1)tr(A2)

<\ ————=.
n
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We also have the following consequence.
Corollary 3.6. We have for any graph G the inequality py < n — 1.
We will need the following lemma (see [20]).

Lemma 3.7. We have for any graph G

web(G)

Proposition 3.8. We have for any graph G

AV
@y = G

and the equality is attained if and only if G is a regular graph.

Proof. By Lemma 3.1,
8d,d
A% = Y
weE(G) (du + dv)
By Lemma 2.2, taking a = § and b = A, we have

2v/d,d, 2\/
d,+d, ~ A+(5

and we obtain by Lemma 3.7

8\/ s Vad, _ 8VAS 5 L smVAR
dotd, = A+ dy +d, *(A+6)Ml( )

u'UEE(C weFR(G)

tr(A?) >

If the equality is attained, then /d,d, = 0 for every uv € E(G) and thus d, = ¢ for every
u € V(G). If G is regular, then M;(G) = nA? = 2mA, tr(A?) = 2m and we have the
equality. |

2Vdydy

R } appearing in the

Denote by ¢? the variance of the sequence of the terms {

definition of GA;(G).
Theorem 3.9. We have for any graph G

GA(G) = %mtr(.Az) —m?o?.
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Proof. Lemma 3.1 gives

1, o 4d,d,
5 tr(A%) = > @iy

2
weE(Q) du T dv)
By the definition of o2, we have
1 2y dyd, \? 1 2y dyd, \? 1 1
2 _ & uly o - uly _ 2y b A 2.
7 Z (d +d ) ( du+dv> 2mtr(A) mQG @)

m u v m
wel(G) weF(G)

and this equality implies the result. |

Theorem 3.10. We have for any graph G

\/; tr(A?) + % m(m—1) < GA(G) < \/; tr(A?) +m(m —1).

The equality in the second inequality is attained if and only if G is reqular. The equality
in the first inequality is attained if G is regular.

Proof. Lemma 3.1 gives

2v/dyd, \2
A 2 _ uty
GA(G) E 7 dv>
weE(G)

2v/d,d, 2\/d dy
dy,+d, d, +d, '

wvETYy

By Lemma 2.2, taking a = ¢§ and b = A, we have

2V A 2v/d,d, <1,
A+ (3 T dy,+d,
and we obtain
1 d.d 1
GA(G)? == Y <2 + > 1
2 uv;ﬁty du dy 2 wvF#Ty
1
= 5 () +m(m — 1),
1 i%AN)) 1 4A0
A 2> " (A2 = (A2 ——m(m—1).
GA(G) 25 (A)+Z(A+6)2 2t7(A)+(A+6)2m(m )

wwFETY
If G is a regular graph, then tr(A2) = 2m. Thus,

4A6

1 2
itr(A )"rm

m(m—1) = étr(AQ) Fm(m—1) = m+m(m—1) = m? = GA(G)
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Assume now that the equality in the second inequality is attained. If G has just an
edge, then G is 1-regular. Assume now that G has at least two edges. Hence,

2/ d,d, 2\/ded, .
dy+d, do+d,

for every uv # zy. Since G has at least two edges, 2 (du+d,) = v/dud, for every wv € E(G),
thus d, = d, for every uv € E(G) and G is regular, since it is connected. |
The well-known inequality

My (G
GAL(G) < mfZ()
was proved in [6] (see also [5, p.611]). Using a similar argument to the one in the proof of
Theorem 3.10, we obtain a lower bound of GA; involving the second Zagreb index Ms(G).

Proposition 3.11. We have for any graph G

n2My(G) + 4A%(n — I)m(m — 1)
nA

aac) = Y

Proof. By Lemma 2.2, taking a = 1 and b = n — 1, we have

2v/d,d, N 2vn —1

dy, +d, — n
Lemma 3.1 gives
2v/dydy \2
A 2 _ uly
GAUG) ( dy +d, )

weE(G)

¥ ddydy, | 2V, 2/,
- (

2
dy+d,7 " e di+d, d+d,

weE(G)
1 4(n—1)
2 E Z dudv + Z T
weB(G) wv#zy

My(G)  A(n—1)
=—ar T mm-D)
~ n?My(G) + 4A%(n — 1)ym(m — 1)
B n2A2 '

Theorem 3.12. We have for any graph G

1 & 1 —
3 Z Ajttn—j+1 < GA1(G) < 3 Z Ajft
j=1

j=1

Furthermore, the equality in the second inequality is attained for every reqular graph.
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Proof. We have 2GA;(G) = tr(A.A), by using a similar argument to the one in the proof
of Lemma 3.1, and we obtain both inequalities by using the results in [26] about the trace

of a product of matrices.

Assume now that G is a regular graph. Then A = A and we have
1 n 1 n ) 1 )
5 2Ntk =5 D1 = 5 tr(A) =m = GAI(G),
i=1 i=1

and the equality in the second inequality is attained. |
Theorem 3.13. We have for any graph G
ntr(A?)
GA(G) € ———=.
WO < AT
The equality in the bound is attained if and only if G is a star graph.
Proof. By Lemma 2.2, taking a = 1 and b = n — 1, we have

2v/n —1 < 2v/d,d, <1
n “dy+d,

and Lemma 3.1 gives

) =2 3 2V, W d, 20— 2Vdud, _ 4\/7;I =

1
> GA(G),
weE(G) du + dv du + dv n weE(G) du + dv

By Lemma 2.2, the equality in the upper bound holds for G if and only if every edge
joins a vertex of degree 1 with a vertex of degree n — 1, and this holds if and only if G is
a star graph. |
Theorem 3.14. We have for any graph G

82 tr(A3)

A2 tr(A3)
m <GAL(G) <

= 02(My(G) —2m)’

and the equality is attained in each inequality if and only if G is reqular.

Proof. Denote by CPj3 the cardinality of the set of paths of length 2 in G. For any fixed

w € E(G), the set of paths of length 2 which have w as central vertex has cardinality

%dw(dw —1). Hence,
cp =t > du(d =1 -
3 — 2 w\ Ww - 2 1 m,
weV (G)

2d, 20 A A
—fw < 2o Zoop = — (M(G) -2 1
Y TrdTay S 2 i@ imilh=ip Ma@ -m). 31

weV(GQ) weV(G)

WU, WV WU, WV
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2d % 5 5

e — = —20P; = M, —2m). 2
2 Trd Ty > 2 dme = A 20P= g (M(6) —2m). (32)
weV(G) weV(G)

w~U, WV WU, WD

Thus, Lemma 3.1 and (3.1) give

4 dudU 2 dw
Z du +d ‘v Z (du + dw)(dv + dw)

weB(G) weV(G)

WU, WV

<QZ 2\/(1(12 /—dd
+d,
weE(G) u

2v/d,d, A

< 2 (
quE(G du + dv 8

15 (]L[l 2m)

M (G) —2m)

Using (3.2) instead of (3.1), we obtain

4d,d, 2d
tr(A%) =2 v
Z dy +dy Z (dy + dy)(dy + du)

wek(G) weV(G)

WU, WD

2vdyd, .
Z 2 Z du + dﬂ 2 d d

weE(G)

2v/d,d,

= d, +d,
weB(G) +

62
AZ (

4A2 (]Lfl - 2m)

(5— (Mi1(G) —2m)

My(G) — 2m) GAy(G).

If the graph is regular, then the lower and upper bound are the same, and they are
equal to GA,(G).

If we have the equality in the lower bound, then v/d,d, = A for every uv € E(G);
hence, d, = A for every u € V(G) and the graph is regular.

If we have the equality in the upper bound, then v/d,d, = ¢ for every wv € E(G);
hence, d,, = 0 for every u € V(G) and G is regular. |
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